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FIRST-ORDER RECOGNISABILITY IN FINITE AND
PSEUDOFINITE GROUPS
YVES CORNULIER AND JOHN S. WILSON
Abstract. It is known that there exists a first-order sentence that holds
in a finite group if and only if the group is soluble. Here it is shown that
the corresponding statements with ‘solubility’ replaced by ‘nilpotence’ and
‘perfectness’, among others, are false.
These facts present difficulties for the study of pseudofinite groups. How-
ever, a very weak form of Frattini’s theorem on the nilpotence of the Frattini
subgroup of a finite group is proved for pseudofinite groups.
1. Introduction
We are concerned with properties of groups that can, for finite groups, be ex-
pressed by a sentence in the first-order language of group theory. Here we view a
group as a set endowed with a binary operation (group multiplication), a self-map
(the inverse map) and a constant (the element 1) satisfying the usual axioms. Recall
that a sentence means a formula with no free variable.
For instance, for each natural number n, a finite group satisfies the first-order
universal sentence (∀x)(xn = 1 → x = 1) if and only if it has order coprime to
n. Commutativity, or more generally nilpotence of class at most n, can similarly
be characterized by a universal sentence . The first-order sentence (∀x) ((x = 1) ∨
(∃y)([x, xy] 6= 1)) characterizes groups with no non-trivial soluble normal subgroup.
More generally, we consider first-order formulae with free variables. Given a first-
order formula with n+1 free variables F (x, y) = F (x1, . . . , xn, y), and given a group
G with an n-tuple g = (g1, . . . , gn), by F (g,G) we mean the subset {h ∈ G | F (g, h)}.
A subset of this form is called a definable subset; if n = 0 we call it a parameter-
free definable subset and we call the formula F (g) parameter-free. For instance, the
formula (∀y)(xy = yx) defines the centre of a group; more generally, for each k there
exists a parameter-free first-order formula defining the kth term of the central series
in every group.
Any group property that can be characterized by a first-order sentence is stable
under taking ultraproducts. This makes it easy to show that many group properties,
such as finiteness, simplicity, perfectness, solubility and nilpotence, are not charac-
terizable by a first-order formula. Nevertheless, we can ask whether such properties
can be characterized among finite groups by a first-order sentence, that is, whether
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there is a first-order sentence that is satisfied by a finite group G if and only if G
has the property.
It was shown in [14] that a finite group G is soluble if and only if it satisfies the
first-order sentence σ56 expressing the fact that no non-trivial element g is a product
of 56 commutators [x, y] with both of x, y conjugate to g, and moreover in [15] that
there is a parameter-free first-order formula ρ(x) such that the set ρ(G) = {x | ρ(x)}
is equal to the soluble radical R(G) of G. We recall that the soluble radical, Fitting
subgroup and Frattini subgroup of a finite group G are respectively the largest
soluble normal subgroup, the largest nilpotent normal subgroup and the intersection
of all maximal subgroups.
A finite group G is called ̟-group, for a set ̟ of primes, if every prime divisor
of |G| is in ̟. By ̟′, we mean the complement of ̟ in the set of primes. Thus,
a finite group is a ̟′-group if and only if its order is divisible by no prime in ̟.
For ̟ finite, the ̟′-groups are characterized, among finite groups, by the sentence
(∀x)(xn = 1→ x = 1) seen above, with n the product of the primes in ̟, and also
by the sentence (∀x)(∃y)(x = yn). By contrast, we have assertion (a) below.
Theorem A.
(a) Let ̟ be a set of primes. If there is a first-order sentence that holds for a
finite cyclic group C if and only if it is a ̟′-group, then ̟ is either finite
or the set of all primes.
In particular, there is no first-order sentence that holds for a cyclic group
C if and only if |C| is a power of 2.
(b) There is no first-order sentence that holds for a finite group G if and only if
G is nilpotent.
Indeed, if ̟ is a set of primes, then there is a sentence that characterizes
the nilpotent groups among the finite ̟-groups if and only if ̟ is finite.
(c) There is no first-order formula χ(x) such that for every finite group G the
Fitting subgroup is equal to χ(G).
Assertions (b), (c) answer negatively questions that have been raised from time
to time in the literature (e.g. in Question 3.0.11 in [8]).
It is convenient to use the following language. We say that two sequences (Gn),
(Hn) of groups are asymptotically elementarily equivalent (AEE) if for every first-
order sentence F , there exists m = mF such that for every n > m, the group Gn
satisfies F if and only if the group Hn satisfies F .
Let C be an isomorphism-closed class of groups. Then, for a pair ((Gn), (Hn)) of
sequences of finite groups, we have the following assertions (see §2):
• if for every non-principal ultrafilter U , the ultraproducts
∏
U Gn and
∏
U Hn
are isomorphic, then ((Gn), (Hn)) is AEE;
• if ((Gn), (Hn)) is AEE and Gn ∈ C, Hn /∈ C for all n, then there is no formula
Φ such that a finite group G is in C if and only if it satisfies Φ.
Some of the statements of Theorem A will be obtained by exhibiting suitable AEE
sequences of finite groups; we prove that the sequences are AEE by showing that
they have isomorphic ultraproducts. For Theorem A(a), we use a pair of sequences
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((Gn), (Hn)) satisfying Hn = Gn × Cpn , where (pn) is a sequence of primes tending
to infinity. The ultraproduct of the second sequence is the direct product of the
ultraproduct U of the first sequence and the ultraproduct of the groups Cpn . It is
easy to see that the latter ultraproduct is isomorphic to Q(c), the unique torsion-free
divisible abelian group up to isomorphism with the cardinality c of the continuum.
If we can show that U has a direct factor isomorphic to Q(c), it then follows that the
ultraproducts of the sequences (Gn) and (Gn × Cpn) are isomorphic. For example,
we show (Lemma 3.4) that if (An) is a sequence of finite abelian groups of expo-
nents tending to infinity then every ultraproduct of the sequence (An) has a direct
summand isomorphic to Q(c) and this leads easily to assertion (a) of Theorem A.
To deduce (the first part of) assertion (b), we use the fact that taking ultra-
products commutes with the operation Dih which maps an abelian group A to the
semidirect product A⋊±C2 in which the non-trivial element of C2 acts by inversion.
Next we prove, with more work, the existence of a summand Q(c) in suitable
ultraproducts of finite perfect groups (Gn). As above, it follows that (Gn) and
(Gn × Cpn) are AEE sequences, yielding:
Theorem B. There is no first-order sentence that holds for a finite group G if and
only if G is perfect.
This strengthens the assertion (cf. [6, Lemma 2.1.10]) that there exist finite perfect
groups of arbitrarily large commutator widths. The latter result is a priori weaker,
since it only guarantees that every first-order sentence satisfied by all finite perfect
groups is also satisfied by some non-perfect group H; Theorem B asserts that H can
be chosen to be finite.
Felgner established in [4] that among finite groups, the non-abelian simple groups
can be characterized by a first-order sentence. Moreover the class of finite direct
products of non-abelian simple groups can also be characterized by a single sentence,
as follows easily from [16]. Among such direct products, for each given n > 1
the property of being a direct product of at least n simple groups is obviously
characterizable by the formula
(∃x1 . . . ∃xn)(∀y)
(∧
i
x1 6= 1 ∧
∧
16i<j6n
[xi, yxjy
−1] = 1
)
.
However, among these direct products, direct powers of simple groups cannot be
recognized:
Theorem C. There is no first-order sentence that holds for a finite group G that
holds if and only if it is a direct power (resp. direct square) of a non-abelian simple
group.
The proof again uses ultraproducts and the fact that taking ultraproducts com-
mutes with taking direct products of two groups. Perhaps surprisingly, in our proof
we use the continuum hypothesis (CH): this ensures that an ultraproduct of finite
groups is determined up to isomorphism by its elementary theory. Then Shoenfield’s
absoluteness theorem is used to eliminate CH from the assumptions.
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Given a class C of groups, following [9] we say that a group is pseudo-C if it satisfies
all first-order sentences satisfied by all groups in the class C. Basic arguments (cf.
Proposition 2.4) show the equivalence the following properties:
(i) G is pseudo-C;
(ii) G is elementarily equivalent to some ultraproduct of a sequence of groups
in C;
(iii) there exists a sequence (Gn) of groups in C that elementarily converges to
G (that is, the the sequence (G,Gn) is an AEE pair in the above sense).
In particular, a group is called pseudofinite if it satisfies all first-order sentences
in the language of group theory that hold in all finite groups. (Some authors require
pseudofinite groups to be infinite; here we find it preferable to include finite groups.)
Some results about finite groups extend directly to pseudofinite groups. For ex-
ample, a group is pseudo-(finite soluble) if and only if it is pseudofinite and satisfies
the sentence σ56 mentioned above. Since for arbitrary groups σ56 is clearly an ob-
struction to solublility, it follows that the pseudo-(finite soluble) groups are just the
groups that are pseudofinite and pseudosoluble.
However the negative assertions of Theorem A present obstacles the study of
pseudofinite groups. Indeed, the notion of being pseudo-(finite nilpotent) is worse-
behaved than its soluble analogue. Theorem A(b) shows that a pseudo-(finite nilpo-
tent) group can also be pseudo-(finite non-nilpotent). That is, among pseudofinite
groups, pseudo-(finite nilpotent) groups cannot be characterized by a single formula.
We note that pseudonilpotent groups satisfy various properties not true in general
soluble finite groups, such as
(∀x∀y) (x2 = 1 ∧ y3 = 1→ xy = yx).
Elaborating on the construction of Theorem A(b), we obtain the following pathology:
Theorem D. There exists a pseudofinite group G having (normal) definable sub-
groups H 6 L with L pseudo-(finite nilpotent) but not H.
In our example, H 6= 1 and H has trivial centre so is not pseudonilpotent; L
has index 8 and is elementarily equivalent to an ultraproduct of dihedral 2-groups;
H is definable in G but not in L. Indeed, a definable subgroup of a pseudo-(finite
nilpotent) group is pseudo-(finite nilpotent), by a routine argument: more generally,
if a class C of groups is closed under taking subgroups, then being pseudo-C is closed
under taking definable subgroups.
Clearly a pseudo-(finite nilpotent) group is both pseudofinite and pseudonilpotent.
We do not know whether the converse implication holds.
A definable subgroup of a pseudofinite group is also pseudofinite. Moreover, in
a pseudofinite group G with a pseudosoluble definable subgroup H, all definable
subgroups of G contained in H are pseudosoluble (although they can fail to be
definable in H).
Let G be a pseudofinite group. Define R(G) = {g ∈ G | ρ(g)}, where ρ is defined
as in the Introduction. It is parameter-free definable, and contains all pseudosoluble
definable normal subgroups of G. Obviously R(G) = 1 if and only if G has no
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non-trivial abelian normal subgroup. Furthermore, in general the quotient G/R(G)
is pseudofinite and R(G/R(G)) = 1 (see for example [9, Propositions 2.16, 2.17]).
By [16, Theorem 1], there are first-order formulae π(h, x), π′min(h) such that
the non-abelian minimal normal subgroups of a finite group G are precisely the
sets π(h,G) for elements h ∈ G satisfying π′min(h). From this, it was shown in
[16] that every nontrivial pseudofinite group with R(G) = {1} has a minimal (non-
trivial) definable normal subgroup, and indeed that every nontrivial definable normal
subgroup contains a minimal one.
A basic result of finite group theory is that in every finite group, every non-
nilpotent normal subgroup admits a proper supplement. (A proper supplement to
K⊳G is a proper subgroupH < G such that G = HK.) This is essentially equivalent
to the fact that the Frattini subgroup is nilpotent in every finite group. It is not clear
at this point to which extent this can be generalized to the setting of pseudofinite
groups. In this direction, we obtain the following partial generalization.
Theorem E. Let G be a pseudofinite group and K a normal definable subgroup. If
K is not pseudosoluble, then it admits a proper definable supplement in G.
Consequently, every definable subgroup of G with no proper supplement is con-
tained in R(G).
We do not know whether it is true that if G is pseudofinite and N is a normal
definable subgroup that is not pseudo-(finite nilpotent)1, then N admits a proper
definable supplement. For instance, if N has two non-commuting elements of finite
coprime order, does it have a proper definable supplement?
Notice that there is no first-order formula f(x) defining the Frattini subgroup in
every finite group. If so, the first-order sentence (∀x)(f(x) → x = 1) would then
characterize the finite groups with trivial Frattini subgroup, but no such sentence
exists. Indeed, take a sequence of primes (pn) tending to infinity. Then Cpn has
a trivial Frattini subgroup, but not Cp2
n
, but (Cpn) and (Cp2
n
) are AEE sequences:
indeed all non-principal ultraproducts of these families of groups are isomorphic
to Q(c).
Acknowledgements. The work reported here was begun at the conference ’Groups
and their Actions’ in Gliwice, Poland, in September 2019, and both authors are
grateful to the local organizers for providing ideal circumstances for mathematical
discussions. The first-named author thanks Todor Tsankov for his kind explanation
of Shoenfield’s absoluteness theorem.
2. Preliminaries
The results of this section are classical and valid in a wider setting, but stated
in a group-theoretic form fashioned to our needs. We shall consider ultraproducts
of finite groups: we recall that the ultraproduct
∏
U Gi of groups Gi with i ∈ N
with respect to a ultrafilter U on N is the quotient of the unrestricted direct product
1N not pseudo-(finite nilpotent) inside G would be a more natural assumption; see Re-
mark 3.7.
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∏
iGi by the normal subgroup
{
(fi)i∈N ∈
∏
U Gi | {i : fi = 1} ∈ U
}
. It has the
property (guaranteed by  Los’s theorem) that a first-order sentence θ holds in it if
and only if the set of i such that θ holds in Gi is in U . For general facts about
ultraproducts and  Los’s theorem we refer the reader to [3].
We need the following basic observations:
Proposition 2.1. Let C be an isomorphism-closed class of groups. The following
are equivalent:
(i) there exists a first-order formula F such that a finite group is in C if and
only if it satisfies F ;
(ii) there is no AEE pair ((Gn), (Hn)) of sequences of finite groups, with Gn ∈ C,
Hn /∈ C for all n.
Proof. If (Gn), (Hn) are AEE sequences with Gn ∈ C, Hn /∈ C for all n, then any
formula f that holds for all finite groups in C holds for all Gn, so holds in Hn for
large n. Therefore (i) implies (ii).
Conversely, suppose that (i) fails. The set of first-order sentences (with variables
drawn from a fixed countable set) is countable; let (fn) be an enumeration of its
elements and write gn =
∧
k6n fk for each n. Since gn does not characterize the
family of finite groups in C, there are finite groups Gn, Hn in which gn holds with
Gn ∈ C and Hn /∈ C. Evidently ((Gn), (Hn)) is an AEE pair of sequences and the
result follows. 
Proposition 2.2. Let (Gn), (Hn) be two sequences of groups. Then (Gn) and (Hn)
are AEE if and only if for every non-principal ultrafilter U on the integers, the
ultraproducts
∏
UGn and
∏
UHn are elementarily equivalent.
In particular, if for every U , the groups
∏
UGn and
∏
UHn are isomorphic, then
(Gn) and (Hn) are AEE.
Proof. If there exist a first-order sentence F and an infinite subset I such that for
every n ∈ I, the group Gn satisfies F but not Hn, choose a non-principal ultrafilter
U supported by U . Then F holds in
∏
UGn but not in
∏
UHn. The converse is
immediate too. 
Remark 2.3. If we assume the continuum hypothesis and (Gn), (Hn) are sequences
of countable groups, then
∏
UGn and
∏
UHn are elementarily equivalent if and only
if they are isomorphic. This is because they are ω1-saturated structures of cardi-
nality ω1 and hence determined up to isomorphism by their first-order theories (see
[10, Theorem 9.7]). For the same reason, under the continuum hypothesis if (Gn)
elementarily converges to some group, then all non-principal ultraproducts
∏
UGn
are isomorphic.
Proposition 2.4. Let C be a class of groups and let G be a group. The following
are equivalent:
(i) G is pseudo-C;
(ii) G is elementarily equivalent to some ultraproduct of a sequence of groups
in C;
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(iii) there exists a sequence (Gn) of groups in C that elementarily converges to G
(that is, the the sequence (G,Gn) is an AEE pair in the above sense).
Proof. The implications (iii)⇒(ii)⇒(i) hold by  Los’s theorem. Suppose that (i)
holds. Let (fn) be an enumeration of the first-order sentences holding in G (with
variables in a given countable set) and define gn =
∧
k6n fk for each n. For each n,
since G is pseudo-C and satisfies gn there is a group Gn in C satisfying gn. Then the
sequence (Gn) converges to G. 
3. Abelian groups, nilpotence and Theorem A
Proposition 3.1. Let E be an infinite elementary abelian p-group for a prime p.
Then the definable subsets of E are precisely the finite and cofinite subsets.
In particular, a proper subgroup of E is definable if and only if is finite; in par-
ticular there is no maximal definable subgroup.
Proof. Clearly finite and cofinite subsets are definable. Now let L be a defin-
able subset; thus there exist a k-tuple (e1, . . . , ek) of elements of E and a formula
P (y1, . . . , yk, x) with L = P (e1, . . . , ek, E). Write F = {e1, . . . , ek} and let A be the
group of automorphisms of E fixing F pointwise. Then A acts transitively on the set
Er〈F 〉, and since A must map L to itself it follows that L ⊆ 〈F 〉 or Er〈F 〉 ⊆ L. 
The next two results give one of the implications in the second assertion of The-
orem A(b).
Lemma 3.2. Let G be a finite group. For integers p, q, let Fp,q be the sentence
(∀x∀y)
(
([xp, y] = 1 ∧ [x, yq] = 1)→ [x, y] = 1
)
.
The following are equivalent:
(i) G is nilpotent;
(ii) for all distinct primes p, q, G satisfies Fp,q;
(iii) for all distinct primes dividing |G|, G satisfies Fp,q.
Proof. (i)⇒(ii) Let G be a finite nilpotent group, let p, q be distinct primes and
let x, y ∈ G satisfy [xp, y] = [x, yq] = 1. Write G as direct product of its Sylow
subgroups and for each prime s denote by xs the projection of x in the Sylow s-
subgroup. If s 6= p then [xps, ys] = 1 and hence [xs, ys] = 1 (since xs is a power of
xps). Similarly, [x
p
s, ys] = 1 for s 6= q. Hence for every s we have [xs, ys] = 1; thus
[x, y] = 1.
(ii)⇒(iii) is trivial.
(iii)⇒(i) Suppose that G is non-nilpotent. Then there exist distinct prime divisors
p, q of |G| and non-commuting elements x, y with x of p-power order and q of q-power
order. We can replace x by xp and y by yq as many times as necessary to ensure
that [x, yq] = [xp, y] = 1 6= [x, y]. 
Corollary 3.3. Among ̟-groups with ̟ finite, nilpotence is characterized by the
universal formula
∧
p 6=q∈̟ Fp,q. 
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Let us now proceed to the ultraproduct constructions needed for Theorem A.
For each n write Cn and D2n respectively for a cyclic group of order n and a
dihedral group of order 2n. We recall that c = 2ℵ0 denotes the cardinality of the
continuum. We also recall that a group is divisible if the power map g 7→ gn is
surjective for every integer n > 1. We use freely the basic fact that in an abelian
group A, every divisible subgroup is a direct summand.
Lemma 3.4. Let (An) be a sequence of abelian groups, and let εn ∈ N>1∪{∞} be the
exponent of An. Let U be a non-principal ultrafilter U on N. Then the ultraproduct
A =
∏
U An has a direct summand isomorphic to Q
(c) if and only if limU εn = ∞.
In particular, if this holds then A is isomorphic to A×Q(c).
Proof. The condition limU εn = ∞ is clearly necessary, since otherwise A has finite
exponent. Hence suppose that limU εn = ∞; we have to prove that A contains a
copy of Q(c) (which is then automatically a direct summand). If there are subgroups
Bi 6 Ai such that
∏
U Bi has a subgroup isomorphic to Q
(c) then so has the larger
group A, and so we may replace each Ai by a cyclic subgroup of sufficiently large
order and assume that each Ai is cyclic. We start with two particular cases: the
first of them is in fact enough for most of our purposes.
Suppose that for some fixed prime p, each An is cyclic of order some power p
kn
of p. Let T = CrAn and write bars for images of subgroups of T in A. Write
ln = ⌊kn/2⌋, and for each integer r > 0 let Vr be the unrestricted direct product of
the groups pmax(0,ln−k)An. Plainly for each r we have qVr = Vr for all primes q 6= p.
Since Lr−1 is the sum of pLr and a subgroup of elements with only finitely many
non-zero entries, we have pLr = Lr−1. Hence (
⋃
Lr)/L0 is a divisible torsion group.
Since the torsion subgroup T of A has (p− 1)pr−1 elements of order pr for all r it is
a Pru¨fer group of rank 1. The group L0 is the ultraproduct of the groups p
lnAn and
so it has cardinality c and its torsion subgroup coincides with T . Therefore L0/T
is torsion-free of cardinality c and (
⋃
Lk)/T is divisible torsion-free of cardinality c.
We conclude that
⋃
Lr is the direct sum of a divisible torsion-free subgroup V ∼= Q
(c)
and T , and V is also a direct summand of A. So the result holds in this case.
Next suppose that all subgroups Ai are infinite cyclic. Then A is torsion-free, and
so its largest divisible subgroup is
⋂
n>0 n!A. However the ultraproduct
∏
U n!A lies
in the intersection, and hence this intersection has cardinality c.
We use now the elementary fact that if N is the disjoint union of finitely many
subsets I1, . . . , Ir then Ij ∈ U for some j, and then V = {S ∩ Ij | S ∈ U} is an
ultrafilter on Ij, and moreover A is isomorphic to the ultraproduct of the groups
{Gi | i ∈ Ij} with respect to the ultrafilter V.
Because of this and what was proved above, it remains just to consider the case in
which all groups Ai are finite, and for each prime p the set {i | p 6 | |Ai|} is in U . But
in this case
∏
U An is clearly divisible and torsion-free, so isomorphic to Q
(c). 
Remark 3.5. It follows from Szmielew’s [12] classification of abelian groups up to
elementary equivalence that every non-principal ultraproduct of the sequence (Cpn)
is elementarily equivalent to Cp∞ × Z(p), and more generally to Cp∞ × Z(p) × Q
(α)
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for every cardinal α. Here Z(p) = Zp ∩ Q is the additive group of rationals with
denominator coprime to the prime p.
Lemma 3.6. Let (pn) be a sequence of distinct odd primes. Then
(a)
∏
U
C2npn
∼=
∏
U
C2n . and (b)
∏
U
D2npn
∼=
∏
U
D2n .
Proof. (a) We have
∏
U C2npn
∼=
∏
U C2n ⊕
∏
U Cpn . From Lemma 3.4, the group∏
U C2n has the form H⊕Q
(c) for a subgroup H. The group
∏
U Cpn is divisible and
torsion-free (for example by  Los’s theorem) and so is isomorphic to Q(c). Hence∏
U
C2npn
∼= (H ⊕Q(c))⊕Q(c) ∼= H ⊕Q(c) ∼=
∏
U
C2n .
(b) In each term, the ultraproduct G is a split extension of the corresponding
ultraproduct A in (a) by a subgroup 〈t〉 of order 2; the element t is the image
in G of an element tˆ of the (unrestricted) direct product containing a non-central
involution in each entry. The element tˆ acts as inversion on the direct products of
cyclic groups and hence t acts as inversion on A; in particular every subgroup of A is
t-invariant. The isomorphism in (a) preserves the action of t. The result follows. 
Proof of Theorem A. If θ is a first-order sentence that holds in all groups C2n then it
holds for
∏
U C2n , and so from above it holds in all but finitely many groups C2npn .
Similarly, a sentence that holds in all nilpotent groups also holds in
∏
U D2n and
so it holds in some groups D2np with p an odd prime; however such groups are not
nilpotent. Therefore (a) and the first assertion of (b) follow. Corollary 3.3 gives
one implication in the proof of the second statement of (b). To prove the other
implication we consider wreath products.
Suppose that ̟ is an infinite set of primes. Fix q ∈ ̟, and let (pn) be a sequence
in ̟ r {q} tending to infinity. By A ≀ B, we mean the standard wreath product
AB ⋊ B. Consider the groups Gn = Cqn ≀ Cq, and Hn = Cpnqn ≀ Cq. Clearly taking
ultraproducts commutes with taking wreath products with a given finite group (on
the right). Hence, for every ultrafilter U , the ultraproducts
∏
U Gn and
∏
U Hn are
isomorphic to respectively(∏
U
Cqn
)
≀ Cq and
((∏
U
Cpn
)
×
(∏
U
Cqn
))
≀ Cq.
Since by Lemma 3.4,
∏
U Cpn is isomorphic to Q
(c) and
∏
U Cqn is isomorphic to(∏
U Cqn
)
×Q(c), we deduce that the ultraproducts are isomorphic. Therefore (Gn)
and (Hn) are AEE sequences by Proposition 2.2. However each Gn is a q-group and
hence nilpotent, and no Hn is nilpotent. By Proposition 2.1, we conclude that no
first-order sentence characterizes nilpotent groups among finite ̟-groups.
If f(x) were a first-order formula defining the Fitting subgroup, then the first-
order sentence (∀x)f(x) would hold for all dihedral 2-groups, and so also for all
ultraproducts of such groups. Hence from above it would hold, for every large
enough prime p, for the non-nilpotent dihedral group D2np. 
Proof of Theorem D. For every abelian group A, we write Dih(A) for the semidirect
product A ⋊± C2; the sign ± indicates that the action on A of the non-trivial
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element of C2 is by inversion. In particular, Dih(Cn) is the dihedral group of order
2n. It is clear that for all A the derived subgroup of Dih(A) is A2 and it consists of
commutators.
Let (pn) be a sequence of primes tending to infinity and for each n set Gn =
Dih(C2n)×Dih(Cpn). Write Dih(C2n) = C2n ⋊± 〈an〉 and Dih(Cpn) = Cpn ⋊± 〈bn〉.
Fix a non-principal ultraproduct G of the sequence (Gn) and let a, b be the elements
of G corresponding to the sequences (an), (bn).
Define L = [G,G]∪ab[G,G]. Since [G,G] consists of commutators, L is definable.
It is also a subgroup, of index 4 in G, and is isomorphic to the ultraproduct of the
groups (C2n−1)×Cpn)⋊± 〈anbn〉. In particular, it follows from the proof of Theorem
A(b) that the latter is isomorphic to the ultraproduct of the groups Dih(C2n) (over
the same non-principal ultrafilter). Hence L is pseudo-(finite nilpotent).
Define H = L∩CG(a); it is thus definable. Note that [G,G]∩CG(a) is the ultra-
product of the groups Cpn , and H is the semidirect product ([G,G]∩CG(a))⋊± 〈ab〉.
In particular, the second projection, restricted to H, is an isomorphism. Therefore,
H is isomorphic to the ultraproduct of the groups Dih(Cpn) and hence has trivial
centre. Since H has trivial centre and is not trivial, it is not pseudonilpotent. 
Remark 3.7. Theorem D shows that inside a pseudofinite group, the class of de-
finable pseudo-(finite nilpotent) subgroups can be badly behaved. The following
notion purports to remedy these shortcomings. We say that a definable subgroup
H of a pseudofinite group G is pseudonilpotent inside G if, in the theory of pairs
of a group with a subgroup, every formula satisfied by a pair consisting of a finite
group and a nilpotent subgroup is satisfied by (G,H). This clearly implies that H
is pseudo-(finite nilpotent). Moreover if subgroups H 6 L are definable in G and L
is pseudonilpotent inside G, then so is H. Hence, in the given example where H is
not pseudo-(finite nilpotent), the pseudo-(finite nilpotent) definable subgroup G is
not pseudonilpotent inside G.
4. Perfect groups and Theorem B
We use a construction similar to the one in [6, Lemma 2.1.10].
Let n be a positive integer and q = pe > 3 an odd prime power. Let Vn be the
direct sum of n copies of the natural module for SL2(q) over Fq. By checking weights,
one sees that the exterior square Wn =
∧2 Vn, regarded as an SL2(q)-module, is a
direct sum Yn ⊕Zn, where Yn is a direct sum of n(n− 1)/2 copies of the irreducible
3-dimensional SL2(q)-module and Zn is a module of dimension n(n+1)/2 on which
SL2(q) acts trivially.
Define a multiplication operation on the set En : = Vn×Wn by (v1, w1)(v2, w2) =
(v1+ v2, w1+w2+ v1∧ v2). It is easy to check that En becomes a group of exponent
p and that [(v1, w1), (v2, w2)] = (0, v1 ∧ v2)
2. Thus En is nilpotent of class 2 with
commutator subgroup and centre isomorphic to Wn.
For θ ∈ SL2(q), write θ also for the automorphism induced by θ in Wn; then the
map (v,w) 7→ (θv, θw) is easily checked to be an automorphism of En. In this way
we can define an action of SL2(q) on En. The image of Yn in En is normal and
SL2(q)-invariant. Define Gn : = En/Yn and identify Zn with its image in Gn. Thus
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Zn is central in Gn and acted on trivially by SL2(q), and we have Gn/Zn ∼= Vn.
Moreover there is an isomorphism from a vector space of dimension n2 (n + 1) over
Fq to Zn; we call the image of a 1-dimensional space a line in G
′
n.
Lemma 4.1. For every k > 1 and n > 8k + 2 and every prime power q, the
group G′n = Gn(q)
′ contains a line in which no non-trivial element is a product of k
commutators in L = Gn(q)⋊ SL2(q).
Proof. The quotient group L/G′n has order q
2n(q3− q) 6 q2n+3. Since G′n is central,
the commutator map L×L→ L factors through a map L/G′n×L/G
′
n → L. Hence L
has at most q2(2n+3) commutators and at most q2k(2n+3) products of k commutators.
The group G′n consists of (q
n(n+1)/2−1)/(q−1) > qn(n+1)/2−1 lines, pairwise inter-
secting in 1. Hence there is a line containing no non-trivial product of k commutators
as soon as q2k(2n+3) 6 qn(n+1)/2−1, that is, as soon as 2k(2n + 3) 6 12n(n − 1). For
n > 8k + 2 we have
2k(2n + 3) 6
(n − 2)(2n − 3)
4
=
2n2 − n− 6
4
6
2n2 − 2n
4
=
n(n− 1)
2
. 
From now on, assume that q ≡ ±1 (mod 10). This is, by Dickson’s classification
[2], the condition that ensures that SL2(q) contains a copy of the binary icosahedral
group B, a perfect group of order 120. Therefore we have actions of B on F2p, Vn
and Gn; since the action on F
2
q is clearly irreducible, Vn is a sum of irreducible
FpB-modules of dimension 2. As a consequence, the semidirect product Vn ⋊ B is
a perfect group. Since Zn is (contained in) the derived subgroup of Gn, we deduce
that Hn : = Gn ⋊B is also a perfect group, in which Zn is central.
Lemma 4.2. Let F be a finite group. Let N be a torsion-free divisible nilpotent group
on which F acts, let Z be a divisible central subgroup that has trivial intersection
with the derived subgroup N ′ of N , and suppose that F acts trivially on Z. Then
N = Z ×M for an F -invariant subgroup M .
Proof. For N abelian this follows from Maschke’s theorem applied to N as a QF -
module. In general, the quotient N/N ′ is torsion-free from [13, Theorem 8.13] and
so from the abelian case we have N/N ′ = N ′Z×M/N ′ for an F -invariant subgroup
M containing N ′. Thus N = ZM and Z ∩M 6 Z ∩N ′ = 1. Clearly M ⊳ N and so
N = Z ×M . 
Proposition 4.3. Let qn = p
en
n be a sequence of prime powers with qn ≡ ±1
(mod 10), such that pn → ∞. For each n > 0 let Gn(qn), Hn(qn) be the groups
constructed as above for the prime power qn. Then every non-principal ultraproduct
of the sequence (Hn(qn)) admits Q
(c) as a direct summand.
Proof. Let cn be the largest integer such that G(qn)
′ has a line Ln containing no
non-trivial product of cn commutators in H(qn). By Lemma 4.1 we have cn →∞.
Fix a non-principal ultrafilter U on N, and let H =
∏
U Hn(qn); thus H = G⋊B
with G =
∏
U Gn(qn). The group L =
∏
U Ln has cardinality c and is abelian,
torsion-free and divisible, hence isomorphic to Q(c). Also L has trivial intersection
with the derived subgroup of G, and is central in H. By Lemma 4.2, we can write
G = L×N for a B-invariant subgroup N and we have H = (N ⋊B)× L. 
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Corollary 4.4. Let (qn) be a sequence of prime powers as above and let (p
′
n) be
another sequence of primes with p′n → ∞. Then the sequence (Hn(qn)) of perfect
groups constructed above and the sequence (Hn(qn)×Cp′
n
) of non-perfect groups are
AEE. 
Theorem B follows immediately from Corollary 4.4.
Remark 4.5. Let p be a fixed prime, and let qn = p
en with qn → ∞. An easy
variant of the proof shows that every non-principal ultraproduct of the sequence
(Hn(p
en)) admits Fp
(c) as a direct summand. In this case, we deduce that for every
sequence (kn) tending to infinity, the sequences (Hn(p
en)) and (Hn(p
en)×Cknp ) are
AEE.
5. Powers of simple groups
As mentioned earlier, the direct products of non-abelian simple groups can be
characterized among the finite groups by a first-order sentence. Here we prove The-
orem C, which asserts that, among finite groups, the direct powers (or direct squares)
of non-abelian simple groups cannot be characterized by a first-order sentence. This
follows from the following result:
Lemma 5.1. Let (Gn) be a sequence of finite groups that elementarily converges.
Then (Gp ×Gq) elementarily converges when max(p, q) tends to infinity. In partic-
ular, (G2n) and (Gn ×Gn+1) are asymptotically elementarily equivalent.
Proof. We remark that the proof below without essential changes works for other
structures than groups.
We start by proving the lemma under the continuum hypothesis (CH), which
implies that all non-principal ultraproducts of the sequence (Gn) are isomorphic
(see Remark 2.3) to a single group G.
Let U be an non-principal ultrafilter on N, and U ′ its push-forward by n 7→ n− 1.
Then ∏
U
G2n
∼=
∏
U
Gn ×
∏
U
Gn ∼= G×G,
while ∏
U
Gn ×Gn+1 ∼=
∏
U
Gn ×
∏
U
Gn+1 ∼=
∏
U
Gn ×
∏
U ′
Gn ∼= G×G.
Hence the conclusion follows from Proposition 2.2: the assertion of the lemma is a
theorem of ZFC+CH.
The next step is to eliminate CH. We use Shoenfield’s absoluteness theorem [11].
Its content is that a sufficiently simple assertion, if true in ZFC+CH, is also true in
ZF.
Let us be more precise. Let V be a model of ZF. Then inside V there is submodel
L of ZF, called Go¨del’s constructible universe, which is a model of ZFC+CH. Shoen-
field’s absoluteness theorem states (in particular) that any sentence of set theory of
the form (∀I ⊂ N)(∃J ⊂ N)Ψ(I, J), where Ψ(I, J) only involves quantifiers over N
and no parameters, is absolute in the sense that it holds in V if and only if it holds
in L. We are concerned with a property of the simpler form (∀I ⊂ N)Φ(I), with
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Φ(I) parameter-free and with only quantifiers over N. From above we know that
this formula holds in every model of ZFC+CH. Hence, it also holds in L, and thus
in the original model V , by Shoenfield’s absoluteness theorem.
Let us now see why the assertion of the theorem can be written in the prescribed
form (∀I ⊂ N)Φ(I).
It is convenient first to restate the theorem as follows: start with an explicit
enumeration (Hn) of all finite groups (so that each finite group is isomorphic to Hn
for some n). This allows avoiding quantifiers on sequences of groups. The assertion
of the theorem can be stated as follows: for every subset I of N such that (Hn)
elementarily converges on I (when n → ∞), the sequence (Hp × Hq) elementarily
converges when p, q → ∞, p, q ∈ I. Letting F be the (countable) set of first-order
sentences of group theory we can write this as
(∀I ⊂ N)
[(
(∀F ∈ F)(∃n ∈ N)(∀p, q ∈ N)
(
p, q ∈ I>n →
(
Hp |= F ↔ Hq |= F )
))
→
(
(∀F ∈ F)(∃n ∈ N)(∀p, p′, q, q′ ∈ N)
(
p, p′, q, q′ ∈ I>n →
(
Hp ×Hq |= F ↔ Hp′ ×Hq′ |= F )
))]
.
Here “p ∈ In” is shorthand for (p ∈ I ∧ p > n). This has the required form
(∀I ⊂ N)Φ(I), with Φ(I) parameter-free and having only quantifiers over N. Hence,
Shoenfield’s absoluteness theorem applies. 
Proof of Theorem C. Start from any infinite set of isomorphism classes of non-
abelian finite simple groups. From it, extract a subsequence (Sn) that elementarily
converges, with |Sn| < |Sn+1| for all n. By Lemma 5.1, the sequences (S
2
n) and
(Sn × Sn+1) are AEE. The result now follows by Proposition 2.1. 
Remark 5.2. Theorem C is based on the existence of an elementarily convergent
sequence of non-abelian finite simple groups of order tending to infinity, whose ex-
istence follows from a compactness argument. While it seems hard to characterize
such sequences fully, one can exhibit some of them, relying on the work of Ax [1] on
pseudofinite fields. For instance, his results imply that for each given prime p and
integer d > 2, the sequence
(
PSLd(Fpn!)
)
n>1
is elementarily convergent.
6. Definable supplements: Theorem E
To prove Theorem E it will suffice to prove the following result.
Proposition 6.1. Let G be a pseudofinite group and K1 a definable normal subgroup
not contained in R(G). Then K1 has a proper definable supplement in G.
More precisely, let ϕ(y1, . . . , yn, x) be a first-order formula and a = (a1, . . . , an)
an n-tuple of elements with K = ϕ(a,G) a normal subgroup of G. Then there exist
a first-order formula
χ(y1, . . . , yn, w1, w2, z, x),
depending only on ϕ, and elements h1, h2, k of G, such that χ(a, h1, h2, k,G) is a
proper supplement to K1 in G.
First we establish most of the necessary group-theoretic statements:
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Lemma 6.2. Let F¯ be a finite group, L¯ =
∏r
i=1 S¯i a non-abelian minimal normal
subgroup, with S¯i simple. Let T¯ be the kernel of the action of F¯ by conjugation
on the set {S¯i | 1 6 i 6 r} of normal subgroups of L¯. Let P¯ =
∏
i P¯i be a Sylow
subgroup of L¯, with P¯i = P¯ ∩ S¯i. Let D¯ be the centralizer of P¯ in F¯ . Then
(a) F¯ = L¯NF¯ (D¯);
(b) if P¯ 6= {1} then NF¯ (D¯) is a proper subgroup of F¯ ;
(c) if P¯i = 〈s¯i〉 is non-trivial cyclic and s¯ = s¯1 . . . s¯r, then D¯ is the centralizer
of s¯ in T¯ ;
(d) there exist d¯1, d¯2 ∈ F¯ (in fact in S¯1) such that T¯ =
⋂
g∈F¯ g
−1Q(d¯1, d¯2)g,
where Q(d¯1, d¯2) = F¯ r
⋂
16i,j62{x | [d¯i, d¯
x
j ] = 1}.
Proof. By the Frattini argument, we have F¯ = L¯NF¯ (P¯ ). Since NF¯ (P¯ ) 6 NF¯ (D¯),
we deduce (a).
Clearly if P¯ 6= {1} then D¯ ∩ S¯1 is the normalizer in S¯1 of the centralizer of P¯1 in
S¯1, and is not normal. So D¯ is not normal, proving (b).
(c) That P¯ 6= {1} ensures that the centralizer D¯ of P¯ is contained in T¯ , hence
contained in CT¯ (s¯). Conversely if x ∈ T¯ centralizes s¯ then since its action by
conjugation preserves the product decomposition of L¯, the element x centralizes
each s¯i, hence x centralizes P¯ .
(d) Every finite simple group can be generated by two elements, and hence, if
non-abelian, has a pair with trivial centralizer. Choose in S¯1 such a pair (d¯1, d¯2).
Then the normalizer of S¯1 in F¯ is
{
x ∈ F¯ | [S¯1, xS¯1x
−1] 6= {1}
}
; this is precisely
Q(d¯1, d¯2). Hence the intersection of its conjugates is T¯ . 
Proof of Proposition 6.1. We write y = (y1, . . . , yn). Let ψ(y) be the first-order
formula
ϕ(y, 1) ∧ (∀u∀x1∀x2)
((
ϕ(y, x1) ∧ ϕ(y, x2)
)
→ ϕ(y, ux1x
−1
2 u
−1)
)
.
This is just the statement that ϕ(y,G) is a normal subgroup. Write ψ′(y) for the
sentence ψ(y) ∧ (∃x)(ϕ(y, x) ∧ ¬ρ(x)). For pseudofinite groups, this says that the
definable subset ϕ(y,G) is a normal subgroup that is not pseudo-(finite soluble).
Now let F be a finite group, b = (b1, . . . , bn) an n-tuple with ψ
′(b) holding in
F and K = ϕ(b, F ); thus K ⊳ F and K 6 R(F ). Define M = K ∩ R(F ), and let
L be a normal subgroup, minimal among those normal subgroups of F contained
in K and properly containing M . Thus, L/M is a non-abelian minimal normal
subgroup of F/M and so a direct product of isomorphic non-abelian simple groups
S1, . . . , Sr. From [7, Theorem 4.9] every finite simple group has a non-trivial cyclic
Sylow subgroup, and so we can choose a prime p for which each S¯i has a non-trivial
cyclic Sylow p-subgroup, generated by Msi say, with si in L. SoM〈s1, . . . , sr〉/M is
a p-Sylow subgroup of L; let D be the inverse image in F of its centralizer in F/M .
By Lemma 6.2, (a) and (b), NF (D) is a proper supplement to L, and hence to K.
Write s = s1 . . . sr and let T be the kernel of the conjugation action of F on the
set {Si | 1 6 i 6 r} of subgroups of F/M . By Lemma 6.2(c), D/M is the centralizer
of Ms in T/M ; that is, D = {x ∈ F | ρ([s, x])} ∩ T .
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By Lemma 6.2(d), there exist d1, d2 ∈ F (in the inverse image of S¯1) such that
T = θ1(d1, d2, F ), where, ≡ denoting equality of formulae:
θ0(w1, w2, x) ≡
∨
16i,j62
¬ρ([wi, w
x
j ]), θ1(w1, w2, x) ≡ (∀g)
(
θ0(w1, w2, gxg
−1)
)
.
Hence D equals θ(d1, d2, s,G) where θ(w1, w2, z, x) ≡ θ1(w1, w2, x) ∧ ρ([z, x]).
Therefore NF (D) = χ(d1, d2, s,G) where
χ(w1, w2, z, x) ≡ (∀y)
(
θ(w1, w2, z, y)→ θ(w1, ws, z, y
x)
)
;
this a subset of elements that in every finite group is guaranteed to be a subgroup
for any choice of the triple of parameters, and hence also in every pseudofinite
group. The assertion that χ(d1, d2, s,G) is a proper supplement to ϕ(y,G) can be
encapsulated in the first-order sentence ξ(w1, w2, x, y):
(∃t)(¬χ(w1, w2, x, t)) ∧ (∀u)(∃v1∃v2)
(
χ(w1, w2, x, u) ∧ ϕ(y, u)
)
.
Thus our finite group F together with its n-tuple b satisfies (∃w1∃w2∃x)(ξ(w1, w2, x, b)).
Hence, we have shown that every finite group F satisfies the first-order sentence
(∀y)
(
ψ′(y)→
(
(∃w1∃w2∃x)
(
ξ(w1, w2, x, y)
)))
.
Therefore, this sentence holds for the pseudofinite group G. Since ψ′(a) holds in G,
we deduce that there exist elements d1, d2, s in G such that ξ(d1, d2, s, a) holds in
G. So χ(d1, d2, s,G) is a proper supplement to ϕ(a,G), and hence to K. 
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